We discover a simple construction of a four-dimensional family of smooth surfaces of general type with pg(S) = q(S) = 0, K 2 S = 3 with cyclic fundamental group C14. We use a degeneration of the surfaces in this family to find (complicated) explicit equations of six new pairs of fake projective planes. Our methods for finding new fake projective planes involve nontrivial computer calculations which we hope will be applicable in other settings.
Introduction
Classification of surfaces of general type is one of the most active areas of algebraic geometry. Many examples are known, but a detailed classification is still lacking, and multiple hard problems remain open.
The study of the birational class of a surface S is often reduced to the study of its minimal model. This is especially effective when the Kodaira dimension satisfies k(S) ≥ 0, since in this case the minimal model is unique. Surfaces of general type have maximal (that is, 2) Kodaira dimension. The number of different deformation families is infinite, but still very few examples are known.
To each minimal surface S of general type one associates a triple of numerical invariants, (p g , q, K 2 S ), where p g := h 0 (S, K S ) and q := h 1 (S, O S ). These integers determine all other classical numerical invariants, such as e top (S) = 12χ(O S ) − K 2 S and P m (S) := h 0 (S, mK S ) = χ(O S ) + m 2 K 2 S . Two widely used ways to produce surfaces of general type are complete intersections of sufficiently high multi-degree or products of curves of genus g ≥ 2. The resulting surfaces have either large p g or large q. This is a particular manifestation of a more general phenomenon: producing examples of surfaces of general type with low p g and q is indeed quite difficult, and a complete classification appears beyond currently available techniques. The most extreme case is that of p g = q = 0. Surfaces with such invariants are amongst the most famous, since they historically represented counterexamples to the famous Max Noether's conjecture, that stated that any surface S with these prescribed invariants needs to be rational. The Bogomolov-Miyaoka-Yau inequality, that states K 2 S ≤ 9χ(O S ), implies K 2 S ≤ 9. The first example of such a surface is due to Godeaux, and is realized as the quotient Y 5 /C 5 , where Y 5 ⊂ P 3 is a quintic surface in P 3 on which the cyclic group C 5 acts freely. Surfaces with p g = q = 0, K 2 S = 1 are therefore called (numerical) Godeaux surfaces. Similarly one can construct explicit examples of a surface with p g = q = 0, K 2 S = 2 as quotients by a C 7 action. Surfaces with these prescribed invariants are called (numerical) Campedelli surfaces. For 3 ≤ K 2 S ≤ 8 the situation is in general much less understood. For a recent survey on the surfaces of general type we refer to [BCP11] .
The extreme case of surfaces with p g = q = 0 and K 2 S = 9 is that of the famous fake projective planes, i.e. surfaces of general type with Hodge diamond equal to that of CP 2 . First example of such surface has been given by Mumford [Mu79] . Subsequent work of multiple authors [Kl03, IK98, Ke06, KK02, PY07, PY10, CS11] culminated in the classification by Cartwright and Steger [CS11] which found that there are exactly 50 complex conjugate pairs of fake projective planes. These planes are computed as free quotients of the two-dimensional complex ball by explicit arithmetic groups. Cartwright and Steger observed that one can obtain many families of surfaces with p g = q = 0 and K 2 S = 3 as smooth deformations of the quotients of the fake projective planes by a C 3 action. In particular, one should find a family of surfaces with K 2 S = 3 with the fundamental groups C 14 . We have stumbled upon such family in our research and then used it to construct a fake projective plane with first homology C 14 and symmetry group C 3 × C 3 . Afterwards, we found explicit equations of five more (pairs of) fake projective planes in the same class.
Computer-based approach to constructing specific surfaces of general type. Modern software and hardware have made possible breakthroughs in the problems of explicitly constructing surfaces of general type. In particular, in [BK19] , the authors have constructed the first equations of a fake projective plane; in [BY18] the authors found the equations of a related Cartwright-Steger surface. The results of [BK19, BY18] were subsequently used in [Ri19] to find surfaces with maximum degree of the canonical map. However, these computational techniques are still in their infancy, and constructions typically require subtle geometric ideas in order to succeed. One can view this paper as another successful step in developing this emerging field.
The paper is organized as follows. We start in Section 2 with an almost classical, but apparently novel, observation that one can construct surfaces with p g = q = 0, K 2 = 3 and cyclic fundamental group C 14 as free quotients of complete intersections of seven special Plücker hyperplanes in Gr(3, V 6 ). In Section 3 we follow the remarks of [Ke12] to find a quotient of a fake projective plane by C 3 . In Section 4 we explain the key step that allowed us (with great difficulty) to recover the above fake projective plane. In Section 5 we describe the ensuing construction and the (computer-based) verification of the statement that the surface we found is indeed an FPP. Section 6 explains how we managed to recover five other pairs of FPPs in the same commensurability class. Finally, Section 7 contains a long list of further directions that are naturally inspired by our calculation.
2.
A family of surfaces with p g = q = 0 and K 2 = 3
The first construction of our paper produces a family of surfaces S of general type with p g (S) = q(S) = 0, K 2 S = 3 and cyclic fundamental group C 14 . This will be done by considering of a family of surfaces W ⊂ P 12 such that q(W ) = 0, p g (W ) = 13, K 2 W = 42 which are equipped with a free action of C 14 . The surface S will then be realized as the quotient S = W/C 14 . A surface with the same invariants as W appeared in two recent works [BY18] and [Fa18] , constructed in different ways. Understanding the connection between these approaches was the initial motivation behind this project.
Let V 6 be a complex vector space of dimension 6 and V ∨ be its dual, with the basis x 1 , . . . , x 6 . We equip V ∨ with the action of the cyclic group C 7 with the generator acting by x i ρ → ε i x i where ε is a primitive 7-th rooth of 1. This action induces a natural action on
It is easy to see that Gr(3, V 6 ) in its Plücker embedding is preserved under the induced action on P 3 V 6 .
The vector space 3 V ∨ 6 splits into the eigenspaces with respect to the weights for the C 7 action. In the table below and for the rest of the paper we denote by x ijk := x i ∧ x j ∧ x k . The basis of each eigenspace is given by the corresponding column of the Consider now a non-degenerate C 7 -invariant skew form ω on V given by
We will later use that ω is invariant under the order three map (x 1 , . . . , x 6 ) → (x 2 , x 4 , x 6 , x 1 , x 3 , x 5 ) which multiplies the subscript by 2 modulo 7. The form ω determines a splitting of
with ω −1 denoting the contraction of a 3-vector by the inverse symplectic form ω −1 ∈ 2 V 6 . Since ω is C 7 invariant, the action of C 7 on 3 V ∨ 6 induces one on U 14 . Explicitly, U 14 splits into 2-dimensional eigenspaces with the basis vectors listed in the table below. 0 1 2 3 4 5 6
We get our family of W by the following surprisingly simple definition. 
The motivation behind the above definition is the following. The skew form ω induces a canonical involution (the annihilator involution) acting as (−1) on U 6 and 1 on U 14 . It is easy to see by an explicit calculation that this action is induced from the involution on Gr(3, V 6 ) which sends a dimension three subspace to its annihilator with respect to w. Together with C 7 , this involution generates the cyclic group C 14 . 1 It is clear that W is C 14 invariant and we can and will consider the quotient. We are now ready to state the main result of this section.
Theorem 2.2. Let S := W/C 14 , for a sufficiently general choice of H i . Then S is a smooth surface of general type with p g = q = 0, K 2 = 3 and cyclic fundamental group of order 14.
Proof. We recall that Gr(3, V 6 ) is a Fano variety of dimension 9, index 6 and degree 42. Suppose we can prove that W is a smooth surface with C 14 acting freely. The adjunction formula implies K 2 W = 42, so K 2 S = 3. We also have p g (W ) = 0 by the Lefschetz hyperplane theorem, which also implies p g (S) = 0. The global sections of the canonical class of W can be identified with H 0 (W, O(1)) ∼ = 3 V ∨ 6 /(CH 0 ⊕ · · · ⊕ CH 6 ), which has dimension 13. As a result, χ(W, O W ) = 1 + h 0,2 (W ) = 14, so χ(S, O S ) = 1 which leads to q(S) = 0.
We will now verify the technical statement that W is smooth for general choices of H i ∈ H i , and moreover that the action of C 14 on W is free. This can be easily accomplished by a computer calculation as below, but it would be interesting to find a computer-free argument.
Smoothness of W , for a sufficiently general choice of coefficients, can be checked in affine coordinate patches on P 3 V . As a first step, we will write the equations of W as
1 Note that, unlike the case of [Fa18] the involution is not induced from V6: this is eventually the key to the freeness of the action.
where p i ∈ C * are sufficiently general (in particular, not all of them equal). To check the smoothness of W in the affine patch x 123 = 0, observe that the corresponding Schubert cell in Gr(3, V 6 ) is isomorphic to C 9 . Every point in this cell is the linear span of the rows of the matrix M below.
In this Schubert cell, the coordinates x ijk are the (ijk) minors of M . The defining of equations of W are then (nonhomogeneous) equations in u i , with degree up to three. One can then check directly the smoothness of this affine chart of W by computing the Jacobian matrix and its size seven minors. This procedure is then repeated for each of the 20 coordinate charts.
It is easy to show by hand that the action of C 7 ⊂ C 14 on W is free. Indeed, the fixed points of C 7 on Gr(3, V 6 ) are the C 7 -invariant subspaces. Since the weights of C 7 action on V 6 are all distinct, these are precisely the coordinate subspaces of V 6 . The corresponding points in P( 3 V 6 ) have all but one of the x ijk coordinates zero. By direct examination, we see that these points do not lie on a generic W .
It remains to check that the action of the involution in C 14 is free. To do this, recall that ι acts as the identiy on U 14 and as (−1) on U 6 , the latter being defined in the equation (1). From the explicit presentation of these subspaces given above we can write this action in the coordinate charts and check that the fixed locus of ι on the ambient P 12 is given by the intersection of W and the disjoint union of P + ⊔ P − , these being given by the following equations
Using a computer we can check that, for example if not all p i = 1, then the intersection of both P + and P − with W is empty.
Corollary 2.3. The Euler characteristic of S is 9 and h 1,1 (S) = 7.
The family of S that we have defined depends on 4 parameters. More precisely, we have 7 dimensional space of choices for the H i ∈ H i . However, there is a (C * ) 3 symmetry group of V 6 (x 1 , . . . , x 6 ) → (λ 1 x 1 , λ 2 x 2 , λ 3 x 3 , λ −1 3 x 4 , λ −1 2 x 5 , λ −1 1 x 6 ) that preserves the action of C 7 and the form w. This scaling does not change the surface, and therefore we have as a naive moduli count 7-3=4 parameters. Notice that this coincides with the expected number of moduli M of S
There is another less heuristic way of checking that our construction actually gives a four dimensional family. Let A W denote the affine cone over W . The (Z-graded) space T 1
parametrises the deformation of the affine cone, and its degree 0 component represents in particular the deformation of the couple (W, O W (1)). One can compute, for example using the package "Ver-salDeformations" of Macaulay2, that this space is 56 dimensional, with its C 14 invariant subspace being exactly 4 dimensional. However there is no way of making this lengthy computation computer-free.
To check unobstructedness in the above formula, since π : W −→ S is a finite map, it suffices to check that H 2 (T W ) = 0. There are several ways of proving this, for example using the Borel-Bott-Weil theorem as follows. Although this is a priori valid only for a general section, it is valid in our case since χ(T W ) is constant in fibers and W is of general type. Alternatively one can compute the relevant graded component of T 2 A W as above. Proof. Let F = O G (1) ⊕7 . Consider first the tangent sequence for W , that is
In order to compute H 2 (T G | W ) we need to use the Koszul complex for W , twisted by T G , namely
It is easy to check using Borel-Bott-Weil that H i (T G ) = 0 for i > 0 and that T G (−i) are acylic for i = 1, . . . , 5, 7. Denote indeed by R the tautological bundle of Gr(3, V 6 ) and by Q its (ample) quotient. Any irreducible homogeneous bundle can therefore be represented in terms of Schur functor as Σ α Q ⊗ Σ β R. We denote by γ = (α|β). Denote by δ = (5, 4, 3, 2, 1, 0). By Borel-Bott-Weil theorem any irreducible homogeneous vector bundle will be acylic if γ + δ has repeated entries. The tangent bundle T G to Gr(3, V 6 ) is isomorphic to Hom(R, Q) ∼ = R ∨ ⊗ Q. Therefore the partition associated to it is (1, 0, 0, 0, 0, −1), or equivalently (2, 1, 1, 1, 1, 0) if we use natural dualities. Twisting by O G (−i) ∼ = ( 3 R) ⊗i is equivalent to consider the partition γ(i) = (2, 1, 1, 1 + i, 1 + i, i). It is immediate to check that for i = 1, . . . , 5, 7 γ(i) + δ has repeated entries. For i = 0 there are no repeated entries. The (unique) degree where the bundle has cohomology is therefore identified by the number of disorder of the partitions, namely the number of negative differences in the sequence (which is zero in this case).
The last case is for i = 6, where we have
Remark 2.5. We point out that there is another surface with the same invariants as W : this is given by a codimension eight linear cut W ′ of the Grassmannian Gr(2, 7). This surface was already considered in [Fa18] . The relation between W and W ′ is still unknown, and we plan to explore it further.
We point out that finding an involution that leaves no point fixed on W ′ could be extremely tricky, if not impossible. Via character theory we can indeed prove that such involution cannot extend to the whole of Gr(2, 7). Indeed it is classically known (see [Co89] ) that Aut(Gr(2, 7)) = P GL(V 7 ), whereas on Gr(3, 6), PGL(V 6 ) is a subgroup of index two of the automorphism group. In particular in our construction above our involution was indeed not induced from V 6 .
A surface with K 2 = 3 and three A 2 singularities
In this section we will describe the computer calculations that lead to constructing a quotient of a fake projective plane by a cyclic group C 3 . The Mathematica calculations are available in the file [BF19, Section3.nb].
In the previous section we constructed a dimension four family of complete intersections in Gr(3, V 6 ) which admit a free action of the cyclic group C 14 . The quotient surfaces have numerical invariants p g = q = 0, K 2 = 3. It was remarked in [BCP11] that some such surfaces can be constructed as a deformation of a C 3 quotient of a certain fake projective plane. So it was only natural to postulate that our family is indeed this family and to look for degenerations of the surfaces that would be C 3 quotients of fake projective planes with fundamental group C 14 .
By the classification of Cartwright and Steger, there is one such fake projective plane, up to conjugation. It has a larger symmetry group C 3 × C 3 , but only one copy of C 3 acts trivially on the torsion of its Picard group. This motivated us to look for our complete intersections which have an additional condition of having an order 3 automorphism. We also expected that the quotient has three A 2 singularities. We made an ultimately successful guess to study the two-parameter family of complete intersections in Gr(3, V 6 ) given by the equations
Here p 0 and p 3 are the parameters of the family. We use the convention x ijk = −x jik = −x ikj to make explicit the C 3 action that multiplies indices by 2 mod 7.
Remark 3.1. One can observe that the transformation of parameters (p 0 , p 3 ) → (p −1 0 p 3 3 , p 3 ) leads to an isomorphic complete intersection. This symmetry is induced by the coordinate change x k → x 7−k .
In order to find a surface with A 2 singularities, we first tried to determine the locus of singular complete intersections. This was a non-trivial endeavor, since the equations in question were too complicated to be solved directly, at least with our hardware and software. To overcome this difficulty, we first computed the special case p 3 = 1 to observe that the above complete intersections are singular for eight values of p 0 which are roots of the equation
We then replaced p 3 = 1 by p 3 = 1 + ǫ for ǫ = 10 −20 . We used the gradient descent method built into Mathematica's FindRoot command to calculate the corresponding 8 roots that deform the above ones. After postulating that there is a polynomial in (p 0 , p 3 ) with reasonably small coefficients that describes the locus of singular complete intersections in Gr(3, V 6 ) we found this polynomial to be
After finding the above locus of singular complete intersections, we made an educated guess to look for singularities of the above curve in hopes of finding complete intersections with singular points of type A 2 . This was a straightforward computer calculation that lead to twelve singular points, which we then looked at in detail. Up to complex conjugation and symmetry of Remark 3.1, there was one solution defined over the expected field, with the expected 42 singularities of type A 2 , which form one orbit of the semidirect product of C 14 and C 3 . Specifically, we got
In what follows we will denote this surface by W Gr . It is worth mentioning that the ratios of the Plücker coordinates x ijk of the 42 singular points of W Gr are not at all pleasant. Some of them are roots of equations of degree 168 with coefficients that are tens of digits long. Nonetheless, we were able to verify by computer that these are indeed A 2 singularities.
We will now focus our attention on the quotient surface W Gr /C 14 which is a singular surface with K 2 = 3 and three A 2 singularities. Such surfaces have been shown in [Ke12] to be quotients of fake projective planes by a cyclic group C 3 . For our purposes, it will be convenient to work with the unramified double cover X = W Gr /C 7 of W Gr /C 14 which is a surface with K 2 = 6 and six singular points of type A 2 . We found equations of this surface by the following method, using Mathematica, analogous to [BK19] . It should also be possible to use symbolic rather than numerical methods for it, or at the very least check symbolically that the invariants of C 7 action satisfy these equations. Notice that a smoothing of this surface gives us equations of the surface constructed in [Fa18] .
(1) Construct multiple points on the surface W Gr , numerically with several hundred digit accuracy.
The points are generated randomly.
(2) Construct sections of 2K X as quadratic polynomials in Plücker coordinates on W Gr which are invariant under C 7 . There is an 8-dimensional space of these sections. We initially picked the basis
in order to simplify the resulting degree two equations.
(3) Use the aforementioned points of W Gr to find a basis of equations of degree 2 and 3 among the sections of K X , numerically. (4) Identify the coefficients of these equations with algebraic numbers. These numbers are guaranteed to be in the field Q( √ −15, √ −7), which provides a good check of the calculations. The equations of X in terms of U j are presented in the accompanying file [BF19, EquationsOfXin-termsofU]. (5) Calculate the Hilbert polynomial of the scheme cut out by these equations to ensure that they cut out the surface X scheme-theoretically.
Remark 3.2. It is currently a bit of an art to find the generators of the ideal of the relations on U i that are relatively simple. Our approach involved looking for equations with relatively few terms and picking ones of low length, until they generate the space of equations.
Remark 3.3. The residual C 2 action has variables U 0 , . . . , U 3 as even and U 4 , . . . , U 7 as odd. There is also a C 3 action
The coordinates U 0 , . . . , U 3 can be viewed as sections of the bicanonical class on W Gr /C 14 . There is a dimension three space of even degree two relations, which are not predicted by the Hilbert function considerations. There are additional spaces of degree three relations of dimension four (even) and two (odd). This gives us a total of nine equations in 8 homogeneous variables. The size of the equation file is about 30Kb, so, while it is small by computer standards, it is not worth presenting in printed form.
Importantly, equations of X in terms of U j have coefficients in the field of Q( √ −15, √ −7). However, we observed that it was possible to make a linear change of variables to new coordinates (W 0 , . . . , W 7 ) so that the equations are defined over Q( and to make the tangent spaces at the points defined over Q( √ −15). The C 3 action on W is again given by σ :
Unfortunately, the equations are still too lengthy to be presented in a printed version of the paper.
Remark 3.4. We have verified that these equations cut out the scheme with the expected Hilbert polynomial h(n) = 12n 2 − 6n + 2 of a surface with K 2 = 6 in its bicanonical embedding for n ≥ 5, see
Remark 3.5. The embedding by W j is not projectively normal. In particular, not all degree two sections of O(2) can be written as quadratic polynomials in W i . This makes working with sections of O(2) more complicated, as one needs to represent some of them as rational functions in W i with degree three numerators and degree one denominators.
Finding the triple cover: the key step
This section is devoted to the key step of the construction of the fake projective plane P 2 f ake which is a Galois triple cover of W Gr /C 14 = X/C 2 . Finding a smooth Galois triple cover of a surface with singular points of type A 2 involves finding Weil divisors which are not Cartier which could in general be difficult. This was an extremely delicate calculation that took about six months and multiple dead ends before introduction of several important ideas. The process is described below and is implemented in the accompanying Mathematica file [BF19, Section4.nb].
The approach. Suppose that we have a fake projective plane P 2 f ake with a C 3 × C 3 automorphism group such that the quotient by the first C 3 is isomorphic to the quotient of X P 2 f ake /C 3 ∼ = X/C 2 with the above C 2 action. The second C 3 induces the action on X/C 2 coming from the above permutation σ of W i coordinates. Let 4H be a divisor on P 2 f ake where H is satisfies 3H = K P 2 f ake . We may moreover assume that the automorphism group C 3 × C 3 of P 2 f ake fixes 4H and therefore produces a projective action on H 0 (P 2 f ake , 4H) ∼ = C 3 . It can be shown that the action of the second C 3 permutes the eigenvectors u 0 , u 1 , u 2 of the first C 3 , with weights 1, exp( 2πi 3 ), exp(− 2πi 3 ).
The cubes u 3 0 , u 3 1 , u 3 2 will be sections of 12H = 4K which will descend to C 2 invariant (=even) sections of O(2) on X. In view of the C 3 action, these will be f, σ(f ), σ 2 (f ) for some section f . Importantly, the product u 0 u 1 u 2 will be an even C 3 invariant section d of O(2) and there must hold
Knowledge of f and d allowed us to find the triple cover fairly easily as is explained in the next section.
How we found f and d. In addition to the equation (2), we know that {f = 0} must pass through (0 : 1 : 0 : 0 : 1 : 0 : 0 : 0) and (0 : 0 : 1 : 0 : 0 : 1 : 0 : 0). Its proper preimage on the blowup of the singularity will have multiplicity 2 and 1, and 1 and 2 on the corresponding pairs of exceptional curves. In the notations of the diagram below, the preimage of the divisor {f = 0} on X on the minimal resolution is given by
The automorphism group of the minimal resolution of X does not switch the exceptional lines over a singular point, so there is a meaningful choice here which of the lines is A 1 and which is B 1 , with the other choices then fixed by C 3 symmetry.
Remark 4.2. The divisor of f = 0 on X/C 2 is 3C where C is a Weil divisor which is not Cartier. Indeed, its preimage on the blowup of X/C 2 is numerically equivalent to C + 2 3 A 1 + 1 3 B 1 + 2 3 B 2 + 1 3 A 2 in the notations of the above diagram.
To solve (2), we start by computing the dimension 19 space of sections H 0 (P 2 f ake /C 3 , 4K P 2 f ake /C 3 ). These are realized as elements of H 0 (X, O X (2)) which are even with respect to the covering involution. A dimension 17 subspace of H 0 (X, O X (2)) is given by the even quadratic polynomials in (W 0 , . . . , W 7 ) subject to three quadratic relations of [BF19, EquationsOfXintermsofW] . We augment it to the whole space by calculating two additional basis elements of the form P (W )/(W 4 + W 5 + W 6 ) where P is a degree three polynomial in W i which vanishes on {0 = W 4 + W 5 + W 6 } ∩ X and is odd with respect to the involution.
The requirement of {f = 0} passing through the singular points as above reduces the dimension of the space of sections f from 19 to 13. Similarly, {d = 0} must pass through all three singular points, which reduces the dimension from dim H 0 (X/C 2 , O(2)) C 3 = 7 to 6. So the pair (f, d) can be described by 13 + 6 = 19 parameters, up to scaling.
The equation (2) is cubic in the coordinates of f and d. It takes place in the space H 0 (X/C 2 , O(6)) C 3 of dimension 67, so we have 67 cubic equations in 19 variables. with coefficients in Q[ √ −15]. The above linear conditions on f and d reduced these 67 equations to 58. We then used Smith decomposition and a version of LLL algorithm (both built into Mathematica) to find a basis of the space of equations with smaller coefficients. Specifically, given a list of polynomials with coefficients in Z[ √ −15] we find find the corresponding matrix of real and imaginary parts of these equations and the ones multiplied by √ −15, then find a small basis of the saturation of its row span and transform it back to the equations. The resulting file of 58 cubic equations [BF19, 58CubicRels] was approximately 3.3Mb long. It was too big to be solved by Mathematica or Magma, however there were further simplifications that allowed us to do it.
If p is a fixed point of the C 3 action on X/C 2 , then we see that f 3 (p) = d 3 (p). This cubic equation can be reduced to a linear equation (in one of three ways). There are three fixed points, and we picked the conditions which had coefficients in Q[ √ −15]. Only one of several possible choices led to an eventual solution. This reduced the number of unknowns to 19 − 3 = 16 and the number of cubic equations to 55.
We computed the neighborhoods of the blowups of exceptional lines. At a preimage of a singular point with two exceptional lines A 1 and B 1 the section f = u 3 0 must locally look like B 1 + 2A 1 + 3C where C is some curve that intersects A 1 at a point. The section d locally looks like A 1 + B 1 + C. Starting from the equations of f and d we can compute the restrictions of 3C and C to the exceptional curve A 1 , respectively. The polynomial coming from f is up to a constant the cube of the polynomial coming from d, which leads to 6 quadratic equations for each of the two points (0 : 1 : 0 : 0 : 1 : 0 : 0 : 0) and (0 : 0 : 1 : 0 : 0 : 1 : 0 : 0). Specifically, if the restrictions of f and d to the exceptional curve are a 0 + a 1 t + a 2 t 2 + a 3 t 3 and b 0 + b 1 t respectively, then the equations are We then employed a natural, yet amusing, trick. Magma has readily computed the Hilbert polynomial of the reduction of the above system modulo 19 with √ −15 set as 2 mod 19. It was precisely 1, which meant that the system had a unique solution. By adding linear relations and rechecking the Hilbert polynomial, it was easy to find that solution modulo 19. This then allowed us to inductively find a solution modulo 19 k , since increasing k by 1 leads to simple linear equations modulo 19 (we used an appropriate square root of (−15)). After computing it up to k = 200, we had enough information to find f and d, on the assumption that the coefficients had reasonable numerators and denominators. We verified that they satisfy the 12 quadratic and 55 cubic equations precisely by a symbolic calculation. Specifically, we obtained that d, up to scaling, is
while f is given by a notably more complicated formula.
Finding the triple cover and verification of FPP claim
In this section we discuss the construction of the triple cover and the verification that it is indeed a fake projective plane. We recall that we have constructed a surface X in P 7 cut out by three quadratic and six cubic equations in coordinates (W 0 : . . . : W 7 ) in the Appendix. It has a free action of C 2 (W 0 : . . . : W 7 ) → (W 0 : . . . : W 3 : −W 4 , . . . : −W 7 ). It is also acted on by a cyclic group of order three given by σ(W 0 : . . . : W 7 ) = (W 0 : W 2 : W 3 : W 1 : W 5 : W 6 : W 4 : W 7 ). The quotient X/C 2 has three singular points of type A 2 , permuted by C 3 . We have also found an even section f of O X (2) and an even C 3 -invariant section of O X (2) such that f σ(f )σ 2 (f ) = d 3 and the divisor of f is 3C where C is Weil but not Cartier, see Remark 4.2.
Once we have found f and d, constructing equations of the triple cover P 2 f ake is fairly straightforward, similar to [BK19] . We consider the normalization Z of X/C 2 in the field obtained by attaching an algebraic function z which satisfies
This field has a C 3 × C 3 automorphism group. Namely, there is an action of the covering C 3 given by z → e 2 3 πi z, g → g for g ∈ Rat(X/C 2 ). There is also a commuting action of the lift C 3 given by
Indeed, we get
so (3) is preserved by the above action.
Remark 5.1. The usual convention is that the action of C 3 on points of X is induced by
. Therefore, the divisor of σ(f ) is 3σ 2 (C) and the divisor of σ 2 (f ) is 3σ(C). The (Weil) divisor of z on X/C 2 makes sense and is given by σ 2 (C) − C.
Since we know what {f = 0} looks like locally at singular points, we see that the cyclic triple cover Z given above is smooth and X/C 2 is Z/C 3 for the covering C 3 . We are interested in describing Z explicitly by the equations on sections of H 0 (Z, 2K Z ).
Note that 2K Z/C 3 is O(1). The covering C 3 induces an action on H 0 (Z, 2K Z ) which splits it into three eigenspaces. The invariant subspace is naturally identified with the global sections of H 0 (X/C 2 , O(1)) and has a basis {W 0 , W 1 , W 2 , W 3 }.
The additional sections in H 0 (Z, 2K) for the two other eigenspaces of the covering C 3 action on Z can be thought of as spaces of zg or z −1 g with g a meromorphic section of O(1) on Z which is a pullback of one from X/C 2 . For the first of these eigenspaces, the condition of holomorphicity of zg is ord D (g) ≥ −ord D (z) for all divisors D. This means that g is a section of the reflexive sheaf O(1)(σ 2 (C) − C) on X/C 2 , in view of Remark 5.1. As a consequence, g d will be a section of − σ(C) ). This can be identified as the linear subspace of H 0 (X, O(3)) C 2 cut out by conditions of vanishing twice at C and once at σ(C). These are readily calculated numerically by finding a number of random points on these curves. The other eigenspace of the covering C 3 is determined similarly, and we see that
One can write these sections as rational functions in W 0 , . . . , W 7 of total degree one and evaluate them on points of X. When looking for relations among them, one must ensure that the total degree in z is divisible by 3 and that z 3 is converted into σ(f )f −1 (or alternatively one can construct multiple points on Z).
We would like to have the basis of H 0 (Z, 2K Z ) which is nice with respect to the lift C 3 action. Observe that
and similarly for z −1 d −1 H 0 (X, O(3)(−2σ 2 (C) − σ(C))) C 2 . So we can take one of the elements of the eigenspace and make the others by applying σ lift . This gives us a basis (P 0 , . . . , P 9 ) of H 0 (Z, 2K Z ) which has C 3 × C 3 action given by σ covering (P 0 , . . . , P 9 ) = (P 0 , P 1 , P 2 , P 3 , e 4 3 πi P 4 , e 4 3 πi P 5 , e 4 3 πi P 6 , e 2 3 πi P 7 , e 2 3 πi P 8 , e 2 3 πi P 9 ), σ lift (P 0 , . . . , P 9 ) = (P 0 , P 2 , P 3 , P 1 , P 5 , P 6 , P 4 , P 8 , P 9 , P 7 ).
We have implemented the above in [BF19, Section5.nb].
Remark 5.2. We were hampered slightly by the lack of projective normality of X. In fact, only a codimension two subspace of even sections of H 0 (X, O(3) can be written as a polynomial in W 0 , . . . , W 7 . Fortunately, this was still enough to find one element in each of the three-dimensional eigenspaces of H 0 (Z, 2K Z ), and then σ lift gave us the basis of the space. Remark 5.3. As has been observed before, one of the difficulties is finding a good basis of sections of 2K and a good basis in the space of equations, in order to have the coefficients of manageable length. After we found the equations, we have made a linear change of variables with coefficients in Q[ √ −15] to get a nicer description of the fixed points of C 3 × C 3 while preserving the shape of the group action. This has only lead to a moderate improvement in the size of the coefficients. This is also implemented in [BF19, Section5.nb], with the resulting file [BF19, EqsFppd3D3]
Remark 5.4. We also use the knowledge of f and d to construct the double cover of P 2 f ake obtained from X by attaching the above function z. This double cover is given in its 2K embedding by 20 variables and 100 quadratic equations. It will be very useful in the next section.
Since our computations often involved approximate points, and one should generally be wary of long computer code (that took a fair bit of time to debug), we have spent some time directly verifying that our 84 cubic equations cut out a fake projective plane. Specifically, we saved the equations in the Magma format and over the field Q( √ −15) that the 84 cubic relations cut out a scheme with Hilbert polynomial p(n) = 18n 2 − 9n + 1, as expected. We then verified that they generate a prime ideal I and that H 1 (Z, O Z ) = H 2 (Z, O Z ) = 0 by working over a finite field and using semicontinuity.
We also verify smoothness as follows. The scheme in question is smooth if and only if the radical of the ideal generated by I and the 7 × 7 minors of the 84 × 10 Jacobian matrix Jac of the generators of I is the irrelevant ideal. It is is impossible to calculate all of the minors in any reasonable amount of time, even over a finite field. We used the following trick. We picked random 84 × 84 and 10 × 10 matrices A and B over a finite field and looked at the first 7 × 7 minor of the matrix A Jac B to get a reasonably generic linear combination of the minors of Jac. We repeated it three times, added the resulting minors to I and verified that the resulting ideal has zero Hilbert polynomial. We had to use a powerful computer cluster (the "Galois" server based at Warwick University) in order to do this calculation in a reasonable amount of time. The relevant Magma code is in [BF19, EqsFPPd3D3Magma and EqsFPPd3D3MagmaFinite].
Once we know that Z is a smooth surface with H 1 (Z, O Z ) = H 2 (Z, O Z ) = 0, the Hilbert polynomial implies that the hyperplane class D on Z satisfies D 2 = 36, K Z D = 18. To show that Z is a fake projective plane and D is twice the canonical class we only needed to show that χ(Z, O(2K Z )) = 10 and h 0 (Z, O Z (D − K)) = 0 as in [BK19] . We used the "Galois" server and Macaulay2 for this calculation.
6.
Constructing five more pairs of fake projective planes Cartwright and Steger [CS11+] have discovered the following ball quotients in the same commensurability class as the fake projective plane we have found so far. The labels are the shorthand for their more extensive notation. For example, the FPP we have found is FPP: (C2,p=2,∅, d 3 D 3 ) in the notation of [CS11+] and is d 3 D 3 in the diagram below. The quotient of the complete intersection of Grassmannian in Section 3 is D 3 .
All of the arrows correspond to degree three maps. The thicker arrows indicate Galois covers, i.e. quotient maps for some C 3 action.
FPP:
FPP/3:
We will now describe the main idea used to construct the other surfaces in the above diagram and, in particular, all of the other fake projective planes in this class.
Suppose that we have constructed (i.e. have explicit equations of) a fake projective plane P 1 with a C 3 action and suppose that there is another FPP P 2 which covers the quotient of P 1 /C 3 as a non-Galois triple cover. Then we can try to construct P 2 as follows.
At the level of the fundamental groups, we have P i = B 2 /Γ i where Γ 1 and Γ 2 are index three subgroups of a larger group Γ that corresponds to P 1 /C 3 . However, Γ 1 is a normal subgroup of Γ and Γ 2 is not. The kernel of the action of Γ on the cosets of Γ 2 is a normal subgroup Γ 3 of Γ of index six with Γ 3 /Γ ∼ = S 3 , which is contained in Γ 2 . It is not contained in Γ 1 and, therefore, the intersection Γ 4 = Γ 1 ∩ Γ 3 is a normal subgroup of Γ of index 18 which is contained in both Γ 1 and Γ 2 .
In terms of the surfaces, we have a smooth surface P 4 = B 2 /Γ 4 which is a six-fold unramified cover of both P 1 and P 2 . There is an action of S 3 × C 3 on P 4 such that P 1 is the quotient of P 4 by S 3 and P 2 is the quotient of P 4 by C 2 × C 3 where C 2 is a subgroup of S 3 . Both of these quotients are unramified. We will also consider a double cover of P 1 /C 3 which corresponds to taking quotient of P 4 by C 3 × C 3 . We will denote this (singular) surface by P 1 /C 3 .
We have, χ(P 4 , K P 4 ) = 6χ(P 1 , K P 1 ) = 6. We will assume 3 that the surface P 4 is regular, so the dimension of V = H 0 (P 4 , K P 4 ) is exactly 5. The Holomorphic Lefschetz formula implies that the traces of the action on V of the nonidentity elements of S 3 and C 3 are −1 due to the trivial action on H 2 (P 4 , K P 4 ). Therefore, as an S 3 representation, V is isomorphic to the direct sum
where V 1 is the one-dimensional sign representation and V 2 and V ′ 2 are two copies of the dimensional representation of S 3 . Since the actions of C 3 and S 3 commute, the C 3 -eigenspaces must be representations of S 3 . The dimensions of weight 1, w, w 2 eigenspaces are 1, 2, 2 respectively, so we may assume that V 1 is trivial under C 3 action and V 2 and V ′ 2 are eigenspaces of weight w and w ′ . The dimension two representation of S 3 has a basis (r 1 , r 2 ) such that (1, 2, 3)r 1 = wr 1 , (1, 2, 3)r 2 = w 2 r 2 , (1, 2)r 1 = r 2 , (1, 2)r 2 = r 1 . Consider such basis (r 1 , r 2 ) of V 2 and similarly (r ′ 1 , r ′ 2 ) of V ′ 2 . The following observation is key. Proposition 6.1. In these notations, s 1 = r 1 r ′ 2 and s 2 = r 2 r ′ 1 are (pullbacks of) elements of H 0 ( P 1 /C 3 , 2K P 1 /C 3 ) ). Moreover, the covering involution on P 1 /C 3 → P 1 /C 3 permutes them. Similarly, s 3 = r 1 r 2 and s 4 = r ′ 1 r ′ 2 are (pullbacks of) sections of H 0 (P 1 , 2K P 1 ) of weights w 2 and w with respect to the C 3 action on P 1 . The following equation holds on P 1 /C 3 :
Proof. This statement follows immediately from the description of the group action on r i . Proposition 6.1 gives us a way to find the divisors of r i and r ′ i . Namely, we can solve for all linear relations on
and impose the conditions that the right hand side is decomposable (the corresponding matrix is of rank one) and the left hand side is of rank at most two. This allows us to find s 1 , . . . , s 4 and then the divisors of r 1 , . . . , r ′ 2 . For example, we can find r 1 = 0 as the intersection of s 1 = 0 and s 3 = 0. Then we can construct the surface P 4 and finally get P 2 as its quotient. Specifically, the difference between the divisors of r 1 and r 2 is an order three torsion bundle on the double cover of FPP/3. In order to construct the FPP, we will consider the sections of 2K on this triple cover as follows. We can look at sections of 3K that vanish on r 1 = 0 and others at r 2 = 0. This requires constructing sections of 3K. One way is to look at sections of 4K which are zero on the anti-invariant section of K (all of this is done on the double cover P 1 /C 3 of FPP/3).
We have used this method successfully to construct five more pairs of fake projective planes, see [BF19, Section6D3X3.nb, Section6twin.nb, Section6X3prime.nb, Section6X9.nb ]. Specifically, we used the C 3 ×C 3 action on the FPP d 3 D 3 to get D 3 X 3 (and its unramified double cover), as well as (dD) 3 X 3 and (d 2 D) 3 X 3 (twin FPPs) and X ′ 3 . Then we used D 3 X 3 surface to get X 9 . The verification of the smoothness and the fact that these are indeed FPPs was done similarly to the d 3 D 3 case in Section 5. Remark 6.2. There were some technical issues that we were not able to resolve to our complete satisfaction. Specifically, our method a priori produces equations over an algebraic extension of the original field Q( √ −15), often by adding the cube root of unity w. We were able to find an appropriate linear change of coordinates to get the field to be Q( √ −15) for D 3 X 3 . The twin pairs of (d 2 D) 3 X 3 and (dD) 3 X 3 are defined over Q( √ −15, √ −3), and we are unable to distinguish one from the other with our method. We are hopeful that the FPPs X ′ 3 and X 9 can be defined over Q( √ −15), but we were unable to find a linear change of the coordinates to do so. We were also unable to successfully control the size of the coefficients. For example, coefficients for X 9 are several thousand decimal digits long in the natural basis {1, √ 5, √ −3, √ −15}.
Further directions
In this section we list several open problems that we have not addressed in our research, together with plausible approaches to them.
• It would be interesting to find a way to distinguish between the two surfaces (d 2 D) 3 X 3 and (dD) 3 X 3 and to match our equations with the calculations of Cartwright and Steger. One approach could be based on finding the fundamental group of our FPPs. It can be done by picking a base point, then making a hyperplane cut and looking at generators coming from the fundamental groups of the corresponding complex curves. However, we have not attempted it and do not know if this is feasible.
• Unfortunately, we were only able to construct the equations of the fake projective planes X ′ 3 and X 9 with coefficients in the field Q( √ −15, √ −3). However, it may be possible to find such equations with coefficients in Q( √ −15). In a similar vein, we would like to be able to find shorter equations of all of the surfaces involved, even though this might be impossible.
• It has been conjectured that fake projective planes do not have any effective curves in classes H and 2H, up to torsion. This question can, in theory, be addressed for the fake projective planes we have constructed in this paper as follows. As a byproduct of our computation of the triple cover d 3 D 3 → D 3 , we have found the sections of 4H on the fake projective plane d 3 D 3 . We can also trace the C 14 torsion in the Picard group of this fake projective plane to the Grassmannian construction. This should, in theory, allow one to verify the conjecture for d 3 D 3 . We have not attempted to verify the torsion calculations of Cartwright and Steger for the other FPPs. One approach is the following. If a fake projective plane has a double cover Y → P 2 f ake , then all but one nontrivial torsion divisor classes L on P 2 f ake give rise to the spaces H 0 (Y, K Y +L) and H 0 (Y, K Y −L) of dimension at least two, with each eigenspace of dimension at least one (the dimensions of the eigenspaces are exactly one iff h 1 (Y, K Y ± L) = 0). If we pick sections u ±L,± in the corresponding eigenspaces, then with s 1 and s 2 even sections of H 0 (Y, K Y ) and s 3 and s 4 odd sections of H 0 (Y, K Y ). Thus we may look for such relations to uncover torsion line bundles. It is not clear if this approach is feasible in practice. For example, one can define t 1 = s 1 +s 2 , t 2 = s 1 −s 2 , t 3 = s 3 +s 4 , t 4 = s 3 −s 4 to rewrite (4) as t 2 1 − t 2 2 = t 2 3 − t 2 4 . Each t i is in a linear space of dimension 10, so we end up with quadratic equations in 40 variables. If P 2 f ake has additional symmetries one could likely restrict their attention to some eigenspaces in (4).
• This paper got its start in the construction of surfaces with p g = q = 0, K 3 = 3 and fundamental group C 14 . There are many other surfaces with these numerical invariants but a different fundamental group that also come from smoothing away the singularities of C 3 quotients of fake projective planes. One can try to emulate this construction to get such surfaces as complete intersections in homogeneous varieties.
• In the opposite direction, we have constructed multiple fake projective planes with C 3 action. It is worthwhile to try to deform the FPP/3 surfaces X 3 , (d 2 D) 3 , (dD) 3 and d 3 to get smooth surfaces with K 2 S = 3 and p g = q = 0 with other fundamental groups.
• We have technically not proved that the fake projective planes we have constructed are nonisomorphic to each other. It is clear from our method, but some of the intermediate calculations are done with random points, which are less certain than symbolic computations. There does not appear to be a simple a posteriori calculation that would establish it, although computing various invariants may suffice. A natural approach of looking for linear changes of variables in |2K| embedding would lead to equations in 99 variables, which is far beyond what is currently feasible, even over a finite field.
Appendix. Equations of X
Equations of the surface X which is a double cover of P 2 f ake /C 3 in its bicanonical embedding are the following. First, there are three even quadratic equations, where we use the notation σ(W 0 : · · · : W 7 ) = (W 0 : Then there are two odd cubic equations (in addition to products of odd variables and even quadratic equations). These equations happen to be C 3 -invariant. Finally, there are four even cubic equations (again, in addition to products of even variables and degree two equations). 
